Holographic correlation functions in Critical Gravity by Anastasiou, Giorgos & Olea, Rodrigo
ar
X
iv
:1
70
9.
01
17
4v
2 
 [h
ep
-th
]  
5 N
ov
 20
17
Prepared for submission to JHEP
Holographic correlation functions in Critical Gravity
Giorgos Anastasiou and Rodrigo Olea
Departamento de Ciencias F´ısicas, Universidad Andres Bello, Sazie´ 2212, Piso 7, Santiago, Chile
E-mail: georgios.anastasiou@unab.cl , rodrigo.olea@unab.cl
Abstract:We compute the holographic stress tensor and the logarithmic energy-momentum
tensor of Einstein-Weyl gravity at the critical point. This computation is carried out per-
forming a holographic expansion in a bulk action supplemented by the Gauss-Bonnet term
with a fixed coupling. The renormalization scheme defined by the addition of this topo-
logical term has the remarkable feature that all Einstein modes are identically cancelled
both from the action and its variation. Thus, what remains comes from a nonvanishing
Bach tensor, which accounts for non-Einstein modes associated to logarithmic terms which
appear in the expansion of the metric. In particular, we compute the holographic 1-point
functions for a generic boundary geometric source.
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1 Introduction
Critical Gravity belongs to a class of theories characterized by the presence of higher cur-
vature terms in the action. Higher-derivative gravity theories were introduced as possible
toy models that might provide insight in some aspects of quantum gravity. The failure of
General Relativity (GR) to be perturbatively non-renormalizable, leads to a theory that is
UV divergent, and consequently, it is not consistent at a quantum level [1].
One of the proposals to solve the problem of renormalizability was the addition of
quadratic curvature terms on top of the Einstein-Hilbert action. Seminal papers on the
topic show that these theories are renormalizable [2, 3]. The spectrum of the theory, for a
flat spacetime, consists of massless spin-2, massive spin-2 and massive scalar excitations.
However, as it was later pointed out, the massive graviton is a ghost mode (negative energy)
in a generic higher-derivative theory [4].
In quest for consistent gravity theories, 3D massive gravity provided intuition and
the appropriate tools to overcome the pathologies mentioned above [5, 6]. Some of the
desirable features in these theories can be extended to higher dimensions. More specifically,
the phenomenon of criticality, which represents the existence of a point in the parametric
space of the coupling constants where the linearized EOM degenerate and the massive
gravitons turns to massless, has been extended in 4D giving rise to Critical Gravity [7].
At this specific point the scalar excitations vanish whereas new modes with logarithmic
behavior arise.
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The logarithmic modes can be discarded imposing standard AdS boundary conditions.
In this case, the theory is proved to be trivial as the energy of the massless excitations as
well as the energy and the entropy of the Schwarzschild-AdS black hole vanish [7, 8]. This
is a consequence of the on-shell equivalence between Einstein-AdS and Conformal Gravity
when switching off the non-Einstein modes, as previously seen in Refs. [9, 10].
If, on the contrary, one imposes a relaxed set of AdS boundary conditions, then the
logarithmic modes can be included in the spectrum of the theory. Such asymptotic con-
ditions have been discussed in Refs. [11–13]. The behavior of the new modes is captured
by terms with logarithmic dependence in the radial coordinate in the Fefferman-Graham
(FG) expansion. The term at leading log order is the source of a logarithmic operator liv-
ing on the boundary. The boundary field theory is a Logarithmic Conformal Field Theory
(LCFT), instead of a regular CFT.
In general, the presence of a logarithmic source modifies the asymptotic structure and
the spacetime fails to be asymptotically AdS in the standard sense. As a consequence,
standard holographic description at its boundary breaks down.The alternative is treating
the problem perturbatively, with a log contribution which is very small, such that the
conformal structure at asymptotic infinity is preserved and the holographic dictionary is
still valid.
LCFTs emerge in different fields in Physics, but they are mainly associated to critical
behavior of disordered systems. Other setups where they are physically relevant include the
description of polymers, percolation, turbulence, Quantum Hall plateau phase transition
and in string theory, as well. LCFTs are characterized by the presence of logarithmic terms
in the operator product expansion (OPE) [14] which, despite its logarithmic behavior, re-
spect conformal invariance. Logarithmic operators, which in the gravity dual description
are sourced by b(0)ij , extent the notion of a primary operator for non-diagonalizable matri-
ces. In particular, they arise as logarithmic partners coupled to zero norm primary states
with degenerate scaling dimensions [15]. The Hamiltonian corresponding to these states is
not Hermitian, and, therefore, they are associated to theories which are non-unitary.
In view of all above arguments, it is clear that Critical Gravity provides important
intuition on properties of the AdS/LCFT correspondence. Some interesting properties of
this gravity theory were made manifest in Ref. [10], where it was shown that the only
non-trivial contributions in Critical Gravity are coming from the non-Einstein sector of
the theory, as the on-shell action is quadratic in the Bach tensor. In the present paper,
we exploit this feature in order to gain a new insight into the properties of the theory.
We identify the non-Einstein modes as the source of the divergences and propose a new
set of counterterms which depend on the extrinsic curvature and its covariant derivative,
in order to regulate the action. This formulation provides a shortcut in the derivation of
holographic correlation functions, as it substantially simplifies the computations respect to
similar approaches in the literature (e.g., Ref. [16]).
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2 Critical Gravity
Critical Gravity in 4D is defined by the action
Icritical =
1
16πG
∫
M
d4x
√−g
[
R− 2Λ + 3
2Λ
(
RµνR
µν − 1
3
R2
)]
(2.1)
where Λ = −3/ℓ2 is the cosmological constant (in terms of the AdS radius ℓ). An equivalent
form for the Critical Gravity action was provided in Refs. [10, 17]
Icritical = IMM − ℓ
2
64πG
∫
M
d4x
√−gWαβµνWαβµν (2.2)
where IMM stands for the Einstein-AdS action suitably regulated by the addition of the
Gauss-Bonnet term
IMM =
ℓ2
256πG
∫
M
d4x
√−gδ[ν1ν2ν3ν4][µ1µ2µ3µ4]
(
Rµ1µ2ν1ν2 +
1
ℓ2
δ
[µ1µ2]
[ν1ν2]
)(
Rµ3µ4ν3ν4 +
1
ℓ2
δ
[µ3µ4]
[ν3ν4]
)
. (2.3)
This particular form of the AdS gravity action is referred to as MacDowell-Mansouri
(Stelle-West) form in the literature [18]. It was shown in Ref. [19], that the addition of
the Gauss-Bonnet term to the Einstein-Hilbert action with negative cosmological constant
induces an extrinsic regularization scheme for AdS gravity. It was later shown in Ref. [20],
that the use of holographic techniques in asymptotically AdS spaces allows to expand the
fields and to prove that the above action is the renormalized action that appears in the
context of AdS/CFT correspondence [21, 22].
Henceforth, we shall adopt the name IMM for the EH plus GB action, as we anticipate
that this part of the Critical Gravity action, only by itself, will no longer be renormalized
when log terms are present.
Wαβµν = R
αβ
µν −
1
2
(
Rαµδ
β
ν −Rβµδαν −Rαν δβµ +Rβν δαµ
)
+
R
6
δ
[αβ]
[µν] , (2.4)
is the Weyl tensor of the spacetime. Here, we will refer to the Weyl2 part within the action
of Critical Gravity (2.2) as Conformal Gravity (CG), even though it comes with a specific
coupling
ICG =
ℓ2
256πG
δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]
W µ1µ2ν1ν2 W
µ3µ4
ν3ν4 . (2.5)
The coupling in front of the above action is such that the Einstein modes are exactly
cancelled out from Eq. (2.1). In other words, as it was shown in Refs. [10, 17], the Critical
Gravity action is identically zero for Einstein spacetimes.
As it is useful for the present derivation, we briefly review this result below.
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2.1 Field equations
The corresponding field equations for Critical Gravity are given by
Gµν +
ℓ2
4
Bµν = 0 , (2.6)
where Gµν is the Einstein tensor with negative cosmological constant
Gµν = R
µ
ν −
1
2
Rδµν −
3
ℓ2
δµν = −
1
4
δ
[µαβ]
[νγδ]
(
Rγδαβ +
1
ℓ2
δ
[γδ]
[αβ]
)
. (2.7)
The Bach tensor Bµν is a four-derivative object that involves the covariant derivative
of the Cotton tensor and a part which is quadratic in the curvature. It can be also written
down in terms of the Weyl tensor as
Bµν = −4
(
∇α∇βW βµαν +
1
2
RαβW
βµ
αν
)
. (2.8)
The above relation makes manifest its traceless property. The fact Bµν is covariantly
constant derives from Bianchi identity.
Taking the trace of (2.6), we notice that the Ricci scalar does not differ from the case
of General Relativity (R = −12/ℓ2). Plugging in the general form of the Ricci scalar into
the EOM, we obtain
Rµν = − 3
ℓ2
gµν − ℓ
2
4
Bµν , (2.9)
what governs not only the bulk dynamics, but also determines the asymptotic form of
the boundary terms.
2.2 On-shell action
When Eq. (2.9) is substituted in Eq. (2.4), one obtains a generic decomposition of the
Weyl tensor into an Einstein and a non-Einstein parts
Wαβµν = W
αβ
(E)µν +W
αβ
(NE)µν , (2.10)
where
Wαβ(E)µν = R
αβ
µν +
1
ℓ2
δ
[αβ]
[µν] , (2.11)
Wαβ(NE)µν =
ℓ2
8
(
Bαµδ
β
ν −Bβµδαν −Bαν δβµ +Bβν δαµ
)
. (2.12)
Here Wαβ(E)µν corresponds to the Weyl tensor for Einstein spacetimes Rµν = −3/ℓ2gµν .
The departure from the Einstein condition provides additional contributions to the Weyl
tensor. In Einstein-Weyl gravity, the deviation from Einstein spaces involves linear terms
in the Bach tensor.
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Applying the Weyl decomposition (2.10) in the Weyl2 part of the action (2.2) leads to
the expression
ICG =
ℓ2
256πG
δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]
(
Wµ1µ2(E)ν1ν2W
µ3µ4
(E)ν3ν4
+ 2Wµ1µ2(E)ν1ν2W
µ3µ4
(NE)ν3ν4
+Wµ1µ2(NE)ν1ν2W
µ3µ4
(NE)ν3ν4
)
.
(2.13)
The first term in the above expression carries a particular coupling constant, such
that it exactly cancels the IMM part in the Critical Gravity action (2.2). This is a direct
consequence of the equivalence between Conformal and Einstein gravity, once Neumann
boundary conditions are imposed in order to get rid of higher-derivative modes [9]. An
explicit proof of this statement, carried out in Ref. [10], recovers Einstein gravity by im-
posing Bµν = 0 in the decomposition of the Weyl
2 term (2.13).
As a consequence, the only nonvanishing part of Critical Gravity action is given in
terms of the Bach tensor
Icritical = − ℓ
4
64πG
∫
M
d4x
√−gδ[κλ][µν]
(
ℓ2
8
Bµκ +G
µ
κ
)
Bνλ . (2.14)
Using the equation of motion (2.6),
Icritical =
ℓ6
512πG
∫
M
d4x
√−gδ[κλ][µν]BµκBνλ
= − ℓ
6
512πG
∫
M
d4x
√−gBµκBκµ , (2.15)
one can notice that Critical Gravity action involves only the non-Einstein part of the
Weyl tensor in the form of the square of the Bach tensor.
2.3 Surface terms
An arbitrary variation of the action (2.3) is given by
δIMM =
ℓ2
64πG
∫
∂M
d3x
√
−hδ[ν1ν2ν3ν4][µ1µ2µ3µ4]nν1δΓ
µ1
κν2g
µ2κW µ3µ4(E)ν3ν4 . (2.16)
Similarly, the surface terms coming from the variation of the Weyl2 term are cast into
the form
δICG =
ℓ2
64πG
∫
∂M
d3x
√
−hδ[ν1ν2ν3ν4][µ1µ2µ3µ4]
[
nν1δΓ
µ1
κν2g
µ2κW µ3µ4ν3ν4 + n
µ1∇ν1W µ2µ3ν2ν3
(
g−1δg
)µ4
ν4
]
.
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Combining these two contributions, we get the total surface term of Critical Gravity
action
δIcritical = δIMM − δICG = ℓ
2
64πG
∫
∂M
d3x
√
−hδ[ν1ν2ν3ν4][µ1µ2µ3µ4]
[
nν1δΓ
µ1
κν2g
µ2κ
(
W µ3µ4(E)ν3ν4 −W
µ3µ4
ν3ν4
)
− nµ1∇ν1W µ2µ3ν2ν3
(
g−1δg
)µ4
ν4
]
. (2.17)
Applying the Weyl decomposition (2.10) and the Bianchi identity in the previous ex-
pression, one gets
δIcritical = − ℓ
2
64πG
∫
∂M
d3x
√
−hδ[ν1ν2ν3ν4][µ1µ2µ3µ4]
×
[
nν1δΓ
µ1
κν2g
µ2κW µ3µ4(NE)ν3ν4 + n
µ1∇ν1W µ2µ3(NE)ν2ν3
(
g−1δg
)µ4
ν4
]
. (2.18)
In the last step, the Bianchi identity is applied as follows
δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]
∇ν1W µ2µ3(E)ν2ν3 = 0 .
In order to reveal that the variation of the Critical Gravity action is linear to the Bach
tensor, we substitute the expression (2.12) in Eq. (2.18), what leads to
δIcritical = − ℓ
4
128πG
∫
∂M
d3x
√
−hδ[ν1ν2ν3][µ1µ2µ3]
[
nν1δΓ
µ1
κν2g
µ2κBµ3ν3 + n
µ1∇ν1Bµ2ν2
(
g−1δg
)µ3
ν3
]
. (2.19)
A direct consequence of the above formula is the vanishing of the energy for Einstein
spacetimes. This has been pointed out in, e.g., in Refs. [7, 23, 24], based on a rather
case-by-case analysis. A more general proof that Einstein spacetimes have zero energy can
be made by using Noether-Wald charges [8].
We can replace the Bach with the Einstein tensor using the EOM (2.6), such that
δIcritical =
ℓ2
32πG
∫
∂M
d3x
√
−hδ[ν1ν2ν3][µ1µ2µ3]
[
nν1δΓ
µ1
κν2g
κµ2Gµ3ν3 + n
µ1∇ν1Gµ2ν2
(
g−1δg
)µ3
ν3
]
. (2.20)
Notice that some of the terms of the second part of Eq.(2.20) will vanish due to the
Bianchi identity, once the antisymmetric Kronecker delta is expanded. Equipped with the
generic form of the variation of the action (2.20), a suitable intermediate step towards
the derivation of the holographic correlation functions is to cast the corresponding surface
terms in Gaussian coordinates,
ds2 = N2 (ρ) dρ2 + hij (ρ, x) dx
idxj . (2.21)
This far, Greek letters represent spacetime indices. In what follows, Latin will denote
letters boundary indices. In this frame, the first part of Eq. (2.20) becomes
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δ
[ν1ν2ν3]
[µ1µ2µ3]
nν1δΓ
µ1
κν2g
κµ2Gµ3ν3 = Nδ
[ij]
[kℓ]
[
δΓρmih
mkGℓj − δΓkρigρρGℓj + δΓkmihmℓGρj
]
. (2.22)
The first two terms of Eq. (2.22) are of the form
Nδ
[ij]
[kℓ]
[
δ
(
1
N
Kmi
)
hkmGℓj − δΓkρigρρGℓj
]
= δ
[ij]
[kℓ]
[
Kmi
(
h−1δh
)k
m
+ 2δKki
]
Gℓj . (2.23)
Moreover, the last term of Eq. (2.22) can be written as
∫
∂M
d3x
√
−hδ[ij][kℓ]NδΓkmihℓmGρj = −
∫
∂M
d3x
√
−hNδ[ij][kℓ]
(
h−1δh
)k
i
DℓGρj , (2.24)
where integration by parts was performed. Here, Di is the covariant derivative defined
in the boundary metric.
Summing up the contributions from Eqs. (2.23) and (2.24), one shows that Eq. (2.22)
adopts the form
δ
[ν1ν2ν3]
[µ1µ2µ3]
nν1δΓ
µ1
κν2g
κµ2Gµ3ν3 = δ
[ij]
[kℓ]
[(
Kmi
(
h−1δh
)k
m
+ 2δKki
)
Gℓj −NDkGρi
(
h−1δh
)ℓ
j
]
. (2.25)
In addition to this, the remaining contribution coming from Eq. (2.20) adopts the
form
δ
[ν1ν2ν3]
[µ1µ2µ3]
nµ1∇ν1Gµ2ν2
(
g−1δg
)µ3
ν3
= δ
[ij]
[kℓ]
1
N
(
∇ρGki −∇iGkρ
) (
h−1δh
)ℓ
j
. (2.26)
Hence, the variation of the Critical Gravity action in Gauss-normal coordinates be-
comes
δIcritical =
ℓ2
32πG
∫
∂M
d3x
√
−hδ[ij][kℓ]
[(
2δKki +K
m
i
(
h−1δh
)k
m
)
Gℓj
+
1
N
(
∇ρGki −∇iGkρ −N2DkGρi
) (
h−1δh
)ℓ
j
]
. (2.27)
3 Holographic Renormalization in Critical Gravity
In Critical Gravity, new modes appear as a consequence of the coalescence of massive spin-
2 modes with the massless ones. These modes have logarithmic dependence in the radial
coordinate and spoil the standard asymptotically AdS (AAdS) fall-off of the spacetime.
Choosing suitable boundary conditions, the logarithmic modes can be discarded. Thus, one
reproduces the standard AdS/CFT dictionary, sourced by Einstein modes at the boundary.
By keeping the logarithmic modes, one gains intuition on holographic duals to higher-
derivative gravity theories at critical points. In particular, we focus on aspects of AdS/LCFT
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correspondence associated to the computation of the holographic stress tensors which are
defined as the functional derivatives of the variation of the action with respect to the
independent sources [25].
The new branch of solutions is consistent with a relaxed set of AdS boundary conditions
[11, 26], which is expressed in the radial foliation (2.21) setting N = ℓ2ρ and
hij (ρ, x) =
1
ρ
g˜ij (ρ, x) , (3.1)
g˜ij (ρ, x) = g(0)ij + b(0)ij log ρ+ ρ
(
g(2)ij + b(2)ij log ρ
)
+ ρ3/2
(
g(3)ij + b(3)ij log ρ
)
+ ... (3.2)
3.1 Generic boundary geometry
In the treatment below, for simplicity, we choose unit AdS radius (ℓ = 1). The inverse of
the boundary metric reads
g˜ij (ρ, x) = gij(0) − bij(0) log ρ+ ρ
[
−gij(2) − bij(2) log ρ+ 2
(
b(0)g(2)
)ij
log ρ+ 2
(
b(0)b(2)
)ij
log2 ρ
]
+ ρ3/2
[
−gij(3) − bij(3) log ρ+ 2
(
b(0)g(3)
)ij
log ρ+ 2
(
b(0)b(3)
)ij
log2 ρ
]
+ ... (3.3)
By definition, the extrinsic curvature is given by Kij = − 12N ∂ρhij what, in the above
frame is expressed as
Kij = δ
i
j − bi(0)j + ρ
[
−bi(2)j − gi(2)j − bi(2)j log ρ+
(
b(0)g(2)
)i
j
+ 2
(
b(0)b(2)
)i
j
log ρ+
(
b(0)g(2)
)i
j
log ρ
+
(
b(0)b(2)
)i
j
log2 ρ
]
+ ρ3/2
[
−bi(3)j −
3
2
gi(3)j −
3
2
bi(3)j log ρ+
(
b(0)g(3)
)i
j
+ 2
(
b(0)b(3)
)i
j
log ρ
+
3
2
(
b(0)g(3)
)i
j
log ρ+
3
2
(
b(0)b(3)
)i
j
log2 ρ
]
+ ... (3.4)
As it can be easily seen from the asymptotic expansion of the extrinsic curvature (3.4),
the log term prevents δKij from vanishing at leading (finite) order. Thus, on top of the
boundary metric g(0)ij, which is the source of the boundary stress-energy tensor, a new
independent source arises, b(0)ij. Furthermore, the presence of the new source modifies the
asymptotic expansion of the curvature as follows,
Riρjρ = −δij + 2bi(0)j +O (ρ)
Riρjk = 2ρ
(
Dkb
i
(0)j −Djbi(0)k
)
+O (ρ2)
Rijkl = −δ[ij][kl] + bi(0)kδ
j
l − bi(0)lδjk − bj(0)kδil + b
j
(0)lδ
i
k +O (ρ) .
Thus, the spacetime is no longer AAdS and as a result the dual CFT description is
not valid anymore. Nevertheless, considering a non-vanishing but sufficiently small b(0)ij ,
one avoids spoiling the asymptotic conformal structure of the AAdS spacetime. For this
reason, in the present section, we proceed perturbatively in b(0)ij . The dual theory living
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on the boundary is now a Logarithmic Conformal Field Theory (LCFT), instead of a CFT.
As a result, a new operator arises, which is identified as the logarithmic stress energy tensor
tij , i.e., the response to b(0)ij . In the dual description, the logarithmic stress tensor is an
irrelevant operator.
The Eq.(2.27), evaluated in the FG expansion for relaxed AdS boundary conditions
(3.2), provides the holographic one-point functions of the boundary field theory. These are
expressed as the coefficients of δg(0)ij and δb(0)ij , which are the sources of the dual stress
tensors. This derivation requires the asymptotic resolution of the EOM, by substituting
the expression (3.2) in (2.6). As a result, one obtains algebraic equations relating the
coefficients in FG expansion of the metric.
3.2 Vanishing log source (b(0)ij = 0)
As a warmup computation, here we derive the energy-momentum tensor for a given bound-
ary background metric g(0)ij, while setting the leading logarithmic mode b(0)ij as zero.
Thus, the trace of the equation of motion (R = −12) gives rise to
Trg(3) = Trb(3) = 0 = Trb(2) , (3.5)
4Trg(2) +R
(
g(0)
)
= 0 . (3.6)
For the (ρi) component of the EOM one finds
∇jbj(3)i = ∇jg
j
(3)i = ∇jb
j
(2)i = 0 , (3.7)
∇iTrg(2) −∇jgj(2)i = 0 . (3.8)
Finally, for the (ij) part of the EOM
gi(2)j − Trg(2)δij +Rij
(
g(0)
)− 1
2
R
(
g(0)
)
δij = 0 , (3.9)
bi(2)j = 0 . (3.10)
Thus, the vanishing of b(0) leads to a vanishing b(2) in (3.2), but there is yet a remaining
logarithmic contribution coming from the subdominant b(3) term. Due to the absence of
logarithmic source, the corresponding energy-momentum tensor tij is zero.
In this case the extrinsic curvature is expanded asymptotically as
Kij = δ
i
j − ρgi(2)j + ρ3/2
(
bi(3)j −
3
2
gi(3)j −
3
2
bi(3)j log ρ
)
+ ... (3.11)
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Calculating the contributions appearing in the action (2.27), we obtain
δ
[ij]
[kℓ]K
m
i G
ℓ
j = 3ρ
3/2bm(3)k (3.12)
1
N
δ
[ij]
[kℓ]
(
∇ρGki −∇iGkρ
)
= 6ρ3/2bj(3)ℓ (3.13)
Nδ
[ij]
[kℓ]D
kGρi = 0 (3.14)
Moreover, the absence of b(0)ij turns the variation of the extrinsic curvature into a
term of order O (ρ). Considering the corresponding asymptotic expansion of the fields
(
h−1δh
)i
j
=
(
g˜−1δg˜
)i
j
=
(
g−1(0)δg(0)
)i
j
+O (ρ) (3.15)
√
−h =
√−g˜
ρ3/2
=
√−g(0)
ρ3/2
+O
(
ρ−1/2
)
, (3.16)
the variation of Kij is subdominant with respect to the variation of the metric, as in
standard AAdS spacetimes. Therefore, this terms does not contribute at the conformal
boundary. Thus, Eq. (2.27) adopts the form
δIcritical =
9
32πG
∫
∂M
d3x
√−g(0)bi(3)j (g−1(0)δg(0))ji . (3.17)
No infrared divergences appear and the variational principle is well defined for the
Dirichlet boundary condition, δg(0)ij = 0. Hence, it turns out that no counterterms are
needed on top of the Critical Gravity action (2.1).
The holographic stress tensor is obtained as the functional variation of the regular part
of the surface term respect to the metric source [25]
〈Tij〉 = − 2√−g(0)
δI
δgij(0)
. (3.18)
Reading off from the formula (3.17), one gets
〈Tij〉 = 9
16πG
b(3)ij , (3.19)
for the holographic one-point function dual to the boundary metric g(0)ij . This formula
recovers the result in Ref. [16] without assuming any particular form on the boundary
geometry.
It is clear that, for Einstein spaces, the above stress tensor is zero.
4 Linearized analysis (b(0)ij 6= 0)
The calculation of the holographic correlation functions, when b(0)ij is switched on, turns
considerably cumbersome. In order to simplify the discussion, one tackles the problem
perturbatively around AdS4 [16, 27, 28]. Linearizing the EOM, one gets the on-shell action
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up to quadratic order in the perturbation. This analysis is sufficient for the derivation of
the two-point functions. In this section, taking advantage of the alternative form of the
Critical Gravity action (2.15), we evaluate the linearized AdS4 metric and introduce proper
counterterms in order to cancel the emerging infinities.
Following the analysis of the generic case in Gauss-normal coordinates (2.21), where
the boundary metric is expressed as a deviation of the Minkowski background,
hij (ρ, x) =
1
ρ
g˜ij =
1
ρ
(ηij + cij) . (4.1)
In this gauge, the holographic correlation functions are planar. The perturbation cij
admits the FG expansion
cij = h(0)ij + b(0)ij log ρ+ ρ
(
g(2)ij + b(2)ij log ρ
)
+ ρ3/2
(
g(3)ij + b(3)ij log ρ
)
+ ... , (4.2)
which is consistent within the logarithmic branch of the theory. The substitution of
the FG expansion (4.2) in Eq. (2.6), provides relations between the FG coefficients, which
hold for the linearized version of the theory.
From the Ricci scalar R = −12 , one is able to obtain
Trb(0) = Trb(3) = Trg(3) = 0 (4.3)
4Trb(2) + ∂i∂jb
ij
(0) = 0 (4.4)
4Trg(2) + ∂i∂jh
ij
(0) − ∂m∂mTrh(0) = 0 . (4.5)
The (ρρ) component of the EOM (2.6) give
4Trb(2) − ∂i∂jbij(0) = 0 , (4.6)
while the tracelessness of the Bach tensor leads to
2Trb(2) −
7
2
∂i∂jb
ij
(0) = 0 . (4.7)
Combining these expressions with Eq. (4.4), one concludes that
Trb(2) = ∂i∂jb
ij
(0) = 0 . (4.8)
The (ρi) terms give
∂jb
j
(0)i = ∂jb
j
(2)i = ∂jb
j
(3)i = 0 , (4.9)
4∂jg
j
(2)i + ∂i∂m∂kh
mk
(0) − ∂i∂m∂mTrh(0) = 0 . (4.10)
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Finally, for the (ij) part of the EOM
∂m∂mb
i
(0)j = 2b
i
(2)j (4.11)(
D2h(0)
)i
j
= 2gi(2)j + 2δ
i
jTrg(2) − 8bi(2)j (4.12)
where
(
D2g(n)
)
ij
= ∂i∂j
(
Trg(n)
)
+ ∂m∂mg(n)ij −
(
∂i∂kg
k
(n)j + ∂j∂kg
k
(n)i
)
(4.13)
is the general form of the D2 operator, introduced in Ref.[16], because the covariant
derivatives are with respect to the background Minkowski metric ηij .
Evaluating the AdS4 metric (4.1),(4.2), the different parts of Eq.(2.27) can be expanded
in the following form. Initially the determinant and the variation of the metric give
√
−h =
√−g˜
ρ3/2
=
1
ρ3/2
(
1 +
1
2
Trc
)
, (4.14)
(
h−1δh
)i
j
=
(
g˜−1δg˜
)i
j
=
(
ηim − cim) δcmj , (4.15)
while the coefficient of δK reads
δ
[ij]
[kℓ]G
ℓ
j = −3bi(0)k − 3ρbi(2)k + 3ρ3/2bi(3)k . (4.16)
The remaining terms are the coefficients of the variation of the metric and adopt the
form
δ
[ij]
[kℓ]K
m
i G
ℓ
j = −3bm(0)k + 3ρ
[
2
(
b(0)b(2)
)m
k
− bm(2)k +
(
b(0)g(2)
)m
k
+
(
b(0)b(2)
)m
k
log ρ
]
+ 3ρ3/2
[
bm(3)k +
3
2
(
b(0)g(3)
)m
k
+
3
2
(
b(0)b(3)
)m
k
log ρ
]
,
and
δ
[ij]
[kℓ]
1
N
(
∇ρGki −∇iGkρ
)
= 3bj(0)ℓ + 3ρ
[
−2 (b(0)b(2))jℓ − bj(2)ℓ − (b(0)g(2))jℓ + δjℓ (2Trb(0)b(2)+
+Trb(0)g(2) + Trb(0)b(2) log ρ
)− (b(0)b(2))jℓ log ρ
]
+ 3ρ3/2
[
2bj
(3)ℓ
+
+
3
2
δjℓTrb(0)g(3) −
3
2
(
b(0)g(3)
)j
ℓ
− 3
2
(
b(0)b(3)
)j
ℓ
log ρ+
3
2
Trb(0)b(3)δ
j
ℓ log ρ
]
.
The third term in the second line of (2.27) vanishes in the linearized case. Here, the
terms b(0)b(2), b(0)g(2), b(0)b(3) and b(0)g(3) are of order O
(
c2
)
. Demanding an action up to
quadratic order in cij , Eq. (2.27) adopts the form
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δIcritical =
1
32πG
∫
∂M
d3x
(
6ρ−3/2b(0)ijδb
ij
(0) − 6b(3)ijδbij(0) + 9b(3)ij log ρδbij(0) + 9b(3)ijδhij(0)
)
.
(4.17)
Despite the fact that the b(2)ij contribution is divergent, the field equations (4.11) show
that it is a total derivative, so that it can be dropped. From the above derivation, it is
evident that the variation of the action is not finite, due to the presence of a logarithmic
term. This actually corresponds to a divergent logarithmic stress-energy tensor, as it the
conjugate of the source b(0)ij. In turn, the holographic response to the Einstein source
h(0)ij is finite. Following standard holographic renormalization and the formulation of
Refs. [27, 28], we track these divergences at the level of the action.
Using the EOM (2.6), the Eq.(2.15) can be written as
Icritical = − 1
32πG
∫
M
d4x
√−gGµνGνµ . (4.18)
After some algebraic manipulation and taking into account the linearized EOM, the
square of the linearized Einstein tensor reads
GµνG
ν
µ = 9Trb
2
(0) + 18ρTrb(0)b(2) − 18ρ3/2Trb(0)b(3) . (4.19)
Putting a cutoff scale at radius ρ = ε, the action (4.18) can be cast in the form,
Icritical = − 1
64πG
∫
d3x
∫
ρ=ε
dρ
√−g˜
ρ3/2+1
GµνG
ν
µ
= − 9
64πG
∫
d3x
∫
ρ=ε
dρ
√−g˜
ρ3/2+1
(
Trb2(0) + 2ρTrb(0)b(2) − 2ρ3/2Trb(0)b(3)
)
=
9
32πG
∫
∂M
d3x
(
Trb(0)b(3) log ε+
1
3
ε−3/2Trb2(0) + 2ε
−1/2Trb(0)b(2)
)
. (4.20)
4.1 Counterterms
All terms tend to infinity at the conformal boundary (ε = 0). These divergences generate
the infinities previously seen at the variation of the action (4.17). In order to render the
action finite, proper counterterms have to be added. In the first place we invert the series
as follows
b(0)ij = ρ∂ρcij − ρ
(
b(2)ij + g(2)ij + b(2)ij log ρ
)− ρ3/2 (g(3)ij + b(3)ij log ρ) . (4.21)
The combination
1
3
ρ1/2∂ρcij∂ρc
ij =
2
3
Trb(0)b(3) + Trb(0)g(3) + Trb(0)b(3) log ρ+
1
3
ρ−3/2Trb2(0)
+
2
3
ρ−1/2
(
Trb(0)b(2) + Trb(0)g(2) + Trb(0)b(2) log ρ
)
, (4.22)
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cancels the leading order logarithmic divergence of the action but introduces new
infinities plus a finite contribution. Taking into account the Eqs. (4.11,4.12), the following
term can also be written as
Trb(0)g(2) = b
ij
(0)g(2)ij =
1
2
bij(0)
(
D2h(0)
)
ij
− Trb(0)Trg(2) + 4bij(0)b(2)ij
=
1
2
bij(0)
(
D2h(0)
)
ij
+ 4Trb(0)b(2)
=
1
2
hij(0)∂
m∂mb(0)ij + 4Trb(0)b(2)
= hij(0)b(2)ij + 4Trb(0)b(2)
= Trh(0)b(2) + 4Trb(0)b(2) , (4.23)
where integration by parts was performed passing from the second to the third line.
Moreover, inverting the series, one produces the expressions
cij∂m∂m∂ρcij = 2ρ
−1
(
Trh(0)b(2) + Trb(0)b(2) log ρ
)
+O (ρ0) , (4.24)
∂ρc
ij∂m∂m∂ρcij = ρ
−2bij(0)∂
m∂mb(0)ij +O
(
ρ−1
)
= 2ρ−2Trb(0)b(2) +O
(
ρ−1
)
. (4.25)
There is a linear combination of the terms in Eqs. (4.22) - (4.25), that cancels the
divergences up to finite terms. More specifically, this can be written as
1
3
ρ1/2
(
∂ρcij∂ρc
ij − cij∂m∂m∂ρcij − 2ρ∂ρcij∂m∂m∂ρcij
)
=
= Trb(0)b(3) log ρ+ 2ρ
−1/2Trb(0)b(2) +
1
3
ρ−3/2Trb2(0) +
2
3
Trb(0)b(3) + Trb(0)g(3) .
Hence, the counterterm action obtains the form
Ict = − 3
32πG
∫
∂M
d3xρ1/2
(
∂ρcij∂ρc
ij − cij∂m∂m∂ρcij − 2ρ∂ρcij∂m∂m∂ρcij
)
. (4.26)
This expression can be covariantized after performing the proper rescaling of the metric
and its perturbation. The respective metric field can be written as hij = (ηij + cij) /ρ. The
extrinsic curvature obtains the form Kij =
1
ρη
i
j − κij where κij = ∂ρcij . Hence, the fully
covariant form of the counterterms can be cast in the following form
Ict =
3
32πG
∫
∂M
d3x
√
−h
(
2K −KijKij − 3 + 1
N
KijDmDmKij − 1
2N
DmDmK
)
. (4.27)
Our renormalized AdS action relies on the addition of extrinsic counterterms on top
of a bulk topological invariant. This, in principle, provides a different starting point from
the one proposed in Ref.[16]. The difference stems from the use, in the latter reference, of
a Dirichlet boundary conditions for the metric hij .
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The variation of the counterterm gives
δIct = − 3
32πG
∫
∂M
d3xρ1/2
[−∂m∂m∂ρcijδcij + (2∂ρcij − ∂m∂mcij − 4ρ∂m∂m∂ρcij) δ (∂ρcij)]
= − 3
16πG
∫
∂M
d3xρ1/2∂ρcijδ
(
∂ρc
ij
)
, (4.28)
where the rest of the terms have been dropped as total derivatives.
Thus, evaluating Eq. (4.28) and adding on top of Eq. (4.17), the variation of the total
action Itot = Icritical + Ict reads
δItotal =
1
32πG
∫
∂M
d3x
(
6ρ−3/2b(0)ijδb
ij
(0) − 6b(3)ijδbij(0) + 9b(3)ij log ρδbij(0) + 9b(3)ijδhij(0)
−6ρ−3/2b(0)ijδbij(0) − 6b(3)ijδb
ij
(0) − 9b(3)ij log ρδb
ij
(0) − 9g(3)ijδb
ij
(0)
)
=
1
32πG
∫
∂M
d3x
(
−12b(3)ijδbij(0) − 9g(3)ijδbij(0) + 9b(3)ijδhij(0)
)
. (4.29)
4.2 Holographic correlation functions
The functional derivatives of the sources are finite giving rise to holographic energy-
momentum tensors. Hence, the one-point functions around a flat background are given
by
〈Tij〉 = 2δItotal
δhij(0)
=
9
16πG
b(3)ij , (4.30)
what is the holographic dual to the Einstein source h(0)ij , and
〈tij〉 = 2δItotal
δbij(0)
= − 3
16πG
(
4b(3)ij + 3g(3)ij
)
, (4.31)
is the dual to the logarithmic source b(0)ij .
Following the AdS/CFT dictionary, the variation of these correlators with respect to
the sources provide the two-point correlation functions. As a result, they read
〈Tij (x)Tkl
(
x′
)〉 = −2i δ
δhkl(0) (x
′)
〈Tij (x)〉 = − 9i
8πG
δb(3)ij (x)
δhkl(0) (x
′)
= 0 (4.32)
〈Tij (x) tkl
(
x′
)〉 = −2i δ
δbkl(0) (x
′)
〈Tij (x)〉 = −2i δ
δhkl(0) (x
′)
〈tij (x)〉
= − 9i
8πG
δb(3)ij (x)
δbkl(0) (x
′)
=
9i
8πG
δg(3)ij (x)
δhkl(0) (x
′)
(4.33)
〈tij (x) tkl
(
x′
)〉 = −2i δ
δbkl(0) (x
′)
〈tij (x)〉 = 3i
8πG
(
4
δb(3)ij (x)
δbkl(0) (x
′)
+ 3
δg(3)ij (x)
δbkl(0) (x
′)
)
(4.34)
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The i factor in the two-point point functions comes from the generating functional when
written in Lorentzian signature. More precisely, in the context of AdS/CFT correspondence
a relation between the generating functional and the on-shell action of the type WL ∼ iIL.
This choice yields the formulas displayed above [28].
One can notice that the norm of the stress-energy tensor is zero, as expected in a
LCFT. This is an immediate consequence of the fact that no Einstein mode can source a
logarithmic mode. The latter assertion was remarked in Ref.[16], where the mode analysis
allows to calculate the aforementioned functional derivatives.
Actually, the EOM (4.3-4.9) show that b3 is a transverse and traceless mode while g3
it is just traceless. The latter is a consequence of the presence of non-Einstein modes in the
theory, whereas in Einstein Gravity g(3)ij is both transverse and traceless and determines
the holographic stress-energy tensor. This property leads to the York decompositions of
the g(3) mode, which reads:
g(3)ij = ∇iV (3)j +∇jV (3)i + gTT(3)ij +
(
∇i∇j − 1
3
ηij∇2
)
S(3) . (4.35)
Each one of the terms contribute independently to different pieces of the one-point
function tij which now consists of: i) a transverse vector Vi, ii) a transverse traceless part
tTTij , which is the logarithmic conjugate of Tij , iii) and a scalar S.
Consequently, from Eq. (4.31) we get the following three operators:
〈tTTij 〉 = −
3
16πG
(
4b(3)ij + 3g
TT
(3)ij
)
(4.36)
〈Vi〉 = − 9
16πG
V
(3)
i (4.37)
〈S〉 = − 9
16πG
S(3) . (4.38)
These values are justified considering that the vector and the scalar operator contribu-
tions come explicitly from g(3)ij, while the logarithmic stress-energy tensor t
TT
ij is sourced
by both parts.
Considering that b(3)ij is transverse and traceless leads to only one non-vanishing mixed
correlator in Eq. (4.33), the one between the two stress-energy tensors. Given the mode
dependence on the sources in [16], we obtain that
〈Tij (x) tTTkl (0)〉 = −
1
2π3
3
2G
∆ˆij,kl
1
|x2| , (4.39)
where
∆ˆij,kl =
1
2
(
ΘˆikΘˆjl + ΘˆilΘˆjk − ΘˆijΘˆkl
)
(4.40)
Θˆij = ∂i∂j − ηij . (4.41)
Finally, from (4.34) we get three different correlators, each one corresponding to the
vector, scalar and transverse traceless operators. The former ones obtain contributions
only from the g(3)ij functional derivatives. Hence:
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〈Vi (x)Vj (0)〉 = 9i
8πG
(
δg(3)ij (x)
δbkl(0) (0)
)
V
=
1
2π3
9i
8πG
∫
d3peipx
(
δg(3)ij
δbkl(0)
(p)
)
V
= − 1
2π3
1
4G
Θˆij
1
|x2| (4.42)
and
〈S (x)S (0)〉 = 9i
8πG
(
δg(3)ij (x)
δbkl(0) (0)
)
S
=
1
2π3
9i
8πG
∫
d3peipx
(
δg(3)ij
δbkl(0)
(p)
)
S
=
1
2π3
3
8G
1
|x2| . (4.43)
The latter two-point function is the one corresponding to the logarithmic stress-energy
tensors. It receives contributions from the transverse traceless part of both b(3)i and g(3).
One may rewrite Eq. (4.34) as
〈tTTij (x) tTTkl
(
x′
)〉 = −4
3
〈Tij (x) tTTkl
(
x′
)〉+ 9i
8πG
(
δg(3)ij (x)
δbkl(0) (x
′)
)
TT
. (4.44)
In this case we obtain that
〈tTTij (x) tTTkl (0)〉 = −
4
3
〈Tij (x) tTTkl (0)〉+
1
2π3
9i
8πG
∫
d3peipx
(
δg(3)ij
δbkl(0)
(p)
)
TT
= − 1
2π3
3
2G
∆ˆij,kl
log |x2|+ C + 4γ − 4/3
|x2| , (4.45)
where C is a numerical constant. In general, the logarithmic stress tensor is defined
up to the addition of a multiple of 〈Tij〉. Therefore, taking advantage of this freedom,
we redefine tTTij as t
TT
ij → − (C/4 + γ − 1/3) Tij , canceling all the numerical constants
appearing in the numerator. Hence, we obtain that
〈tTTij (x) tTTkl (0)〉 = −
1
2π3
3
2G
∆ˆij,kl
log |x2|
|x2| . (4.46)
5 Conclusions
In the present paper, we have computed holographic correlation functions in Einstein-Weyl
gravity at the critical point. We have applied holographic techniques to an equivalent form
of the Critical Gravity action, given by Eq. (2.2), where the curvature-squared part are
expressed as the difference between the Weyl2 and the GB terms. The GB term, with its
coupling fixed by the above argument, provides partial renormalization of the variation of
the action, such that the divergent pieces can be attributed to the non-Einstein part in the
curvature (Bach tensor).
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In turn, for Einstein modes, both the action and its variation are not only finite,
but identically zero [10, 17]. The vanishing of the holographic stress tensor for Einstein
spacetimes [8], together with a zero mass and entropy for Einstein black holes, indicates
that Critical Gravity turns somehow trivial within that sector.
Additional counterterms, which depend on the extrinsic curvature and its covariant
derivatives, are needed when the logarithmic source is switched on at the boundary. The
departure from the Einstein condition by including log terms in the metric modifies the
asymptotic form of the Riemann tensor at leading order.
The addition of these terms makes the action principle not suitable for imposing a
Dirichlet boundary condition in hij . However, variation of the action is finite and written
down in terms of variations of h(0)ij and b(0)ij . In other words, the counterterms in (4.27)
provide a well-posed variational principle by fixing the holographic sources on the conformal
boundary. In this sense, our boundary conditions are compatible with the holographic
description of AdS gravity with relaxed asymptotic behavior.
In Einstein gravity with standard AdS boundary conditions, the fall-off of the curva-
ture tensor determines the coupling of the GB term in Eq. (2.3). The locally equivalent
boundary term to the GB invariant is the 2nd Chern form, which is a given polynomial
of the extrinsic and intrinsic curvatures. Intrinsic counterterms presented in Refs. [21, 22]
are worked out as a truncation of the series coming from taking a FG expansion on the
extrinsic curvature [20].
A similar comparison, this time, between the counterterms in Eq.(4.27) and the ones
presented in Ref.[16] might be worked out adding and substracting the corresponding gen-
eralized Gibbons-Hawking term for Critical Gravity as a higher-derivative theory
IGGH =
1
2κ2
∫
∂M
d3xF ij (Kγij −Kij) . (5.1)
On the other hand, and because b(0) is neither a parameter of the theory nor a covariant
field in the Lagrangian, there is no direct way to fine tune the GB coupling to incorporate
the information on the modified asymptotic curvature. Therefore, it remains as an open
problem how to mimic the effect of Topological Regularization in presence of a log boundary
source.
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